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ABSTRACT. Heerema has developed a Galois theory for fields L of
characteristic p # 0 in which the Galois subfields K are those for which L/K
is normal, modular and, for some nonnegative integer e, K(LPe+l)/K is sepa-
rable. The related automorphism groups G are subgroups of a particular group
A of automorphisms on L[x]/xP®+1L[x] where x is an indeterminate over L.
For H C G Galois subgroups of 4, we give a necessary and sufficient condition
for H to be G-invariant. An extension of a result of the classical Galois theory
is also given as is a necessary and sufficient condition for every intermediate
field of L/K to be Galois where K is a Galois subfield of L.

Let L be a field of characteristic p # 0. In [4], Heerema exhibits an auto-
morphism group invariant field correspondence on L which incorporates both the
Krull infinite Galois theory and the purely inseparable, finite higher derivation
theory [1]. The associated automorphism groups are subgroups of the group 4
of all automorphisms f of the local ring L [x] = L[x]/xP®+1L[x] such that f(x)
= x where x is an indeterminate over L, e is a nonnegative integer, xp®+1L [x] is
the ideal in L[x] generated by xP€+1, and x is the coset x + xP®+1L[x].

In this paper we determine further properties concerning this correspondence.
We use the following notation: For G a subgroup of 4, G, = {f€ GIf(L) C L},
G, = {fEGif(@—a€ExL[x] for alla € L}, and LC = {a € LI () = a for
all f € G}. For K a subfield of L, GX = {f € G|f(a) = a for all a € K}.

For subgroups H C G of A which are Galois [4, Definition 3.6, p. 197],
we give a necessary and sufficient condition (Theorem 1) for H to be G-invariant
[4, Definition 3.9, p. 198]. This result extends [4, Corollary 4.4, p. 200]. We
then give a natural extension of a result of the classical Galois theory (Theorem
2), namely that if H is G-invariant and H, = G,,, then the quotient group G/H is
isomorphic to G;; where G is the group of all automorphisms of L¥ [x] which
are the identity on LC [x].

For K a subfield of L such that L/K is algebraic, we say that L/K splits and
write L = § ® J if and only if L is the field composite of S and J over K where
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S is the maximal separable intermediate field of L/K and J is the maximal purely
inseparable intermediate field of L/K. For K Galois ([4, Definition 3.7, p. 197],
[4, Theorem 3.1, p. 196]), we give some necessary and sufficient conditions for
every Galois intermediate field of L/K to split over K (Theorem 3). This result is
then applied to the invariance of H in G, where H C G are Galois subgroups of
A (Corollary to Theorem 3).

For a purely inseparable field extension J/K, we give a necessary and suf-
ficient condition for J/F to have a modular base for every intermediate field F
(Theorem 4). This result describes a necessary and sufficient condition for every
intermediate field of L/K to be Galois where K is a Galois subfield of L
(Proposition 4).

For K a subfield of L such that L/K is algebraic and L/K splits, say L =
S @y J, the splitting is called nontrivial when S D K and J O K where D denotes
strict inclusion. If F is an intermediate field of L/K, we use the notation SF to
denote the field composite of S and F over S N F. We often use the fact that a
subfield K of L is Galois if and only if L = S ®; J where S/K is normal and J/K
is modular with exponent <e + 1 [4, Theorem 3.1, p. 196]. Definitions of mod-
lar and modular base can be found in [9, p. 401] or [8, Definition 1.57, p. 53;
Definition 1.21, p. 14]. If J/K is a purely inseparable field extension of bounded
exponent, then J/K is modular if and only if J/K has a modular base ([9, Theorem
1, p. 403] or [8, Proposition 1.56, p. 50]).

1. Group invariance. Let H denote the group of all rank p® higher deriva-
tions on L where the group operation on H is defined in [4, p. 194]. We let A
denote the isomorphism of H onto 4, defined in [4, Proposition 2.1, p. 194].
For K a subfield of L, HX = {d € Hld(a) =0,i=1,...,p°, for alla € K}
where we use the notationd = {d,, d,, ..., dpe} ford € H.

THEOREM 1. Let H C G be Galois subgroups of A and let S denote the
maximal separable intermediate field of L/LG. Then H is G-invariant if and only
if either LH C S and H, is G, -invariant, or L D S, LH/LC splits, and H,, is
G ,-invariant.

Our proof of Theorem 1 uses the fact that there does not exist a purely
inseparable modular field extension J/K of bounded exponent with an intermediate
field F such that J D F D K, J/F is modular, and for every modular base M of
J/K every m € M has the same exponent over F that it has over K. The following
lemmas show that such a field extension does not exist. However we note in the
following example that such a field extension exists if we drop the requirement
that J/F be modular.

ExampLe 1. Let K = P(x, y, 2),J = K(zp™2, zp™2xp™! + yp~2),and F =
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K(y?™') where P is a perfect field of characteristic p # 0 and x, y, z are algebra-
ically independent indeterminates over P. Then for every modular base M of

J/K every m € M has the same exponent over F that it has over K. Let {m,, m,}
be a modular base J/K. Then both m; and m, have exponent 2 over K. Suppose
that m, has exponent 1 over F. Then F = K(m3). Thus {m, m,} is a modular
base of J/F contrary to the fact that J/F is not modular.

LemMMA 1. Let J/K be a field extension and F an intermediate field of
J/K. If J/K and J/F are modular, then JIK(F 0 Jp7) is modular forj =0, 1, . . ..

Proor. Letj be a fixed nonnegative integer. Suppose i is an integer such
thati >j. Then FNJr' =FNJei nJei CK(F NJIpH)NJpi CFNJP.,
Thus K(F N Jpi) N Jpi = F N Jp'. Since also F D K(F N J?’) and J/F is mod-
ular, K(F N Jp%) and JP* are linearly disjoint over F N Jr’. Now suppose i <.
That K(F N Jp%) and JP? are linearly disjoint over (K N JPYYF N Jp7) follows
from the following diagram, the modularity of J/K, and [5, Lemma, p. 162].

i K(J?)
-
| & NJPYF N 7Yy
K nIJP'/ |
Fn
kn# — QE.D.

LemMMA 2. Let J/K be a purely inseparable field extension with bounded
exponent n and let F* be an intermediate field of J/K such that F*|K has ex-
ponent <1. If J/K and J/F* are modular and if for every modular base M of
J/K every m € M has the same exponent over F* that it has over K, then F* =
K.

PrROOF. Since F*/K has exponent <1, F* N Jp' C K(Kp~! N JP') fori =
0,1,...,n There does not exist a € F* N Jp' — K(Kp~! N Jp*1) (set dif-
ference) else ap™ € Kp~"! NJ - Kp iK1 NJPysoapP € Kp I N T -
(ke N )(KP™"1 N JP). Thusap™ is in a modular base of J/K [8, Proposition
1.55 (c), p. 49] and has exponent i + 1 over K and exponent i over F*, contrary
to the hypothesis. Hence F* NJ2' C K(Kp™! nJp'*1),i=0,1,...,n
Since J/K is modular, K and F* N J#! are linearly disjoint over K N J#%, i =0,
1,.... Also since J/F* is modular, F* and K(/»** 1) are linearly disjoint over
K(F*NJritl) i=0,1,...,by [8, Lemma 1.60 (a), p. 55]. We have just
seen that F* N Jp! C K(Kp™! N Jpi*t1y C K(Jpi*1) so K(F* NJph) C
K@P™*1),i=0,1,...,n Since K(F* NJp't1) C K(F* N Jp) C KUP'*1), we
have that K(F* N Jp') = K(F* NJp* ) fori=0,1,...,n Thus F*=



340 J. N. MORDESON
KF*NJP)=---=K(F*NJrP")CKsoF*=K. QED.

LeMMA 3. Let J/K be a purely inseparable field extension of bounded
exponent n and let F be an intermediate field of J/K. If J/K and J[F are modular
and if for every modular base M of J/K every m € M has the same exponent over
F that it has over K, then F = K.

ProOF. Suppose F O K. Clearly every modular base of J/K has the same
property concerning exponents over any intermediate field of F/K. Since F =
K(F nJr% ¢ K and K(F N JP™) C K, there exists a nonnegative integer i such
that K(F N JP') ¢ K and K(F N Jp**1) C K. Set F* = K(F N JP’). Then F*/K
has exponent 1 and J/F* is modular by Lemma 1. By Lemma 2, F* = K which
contradicts the assumption that FO K. Thus F=K. Q.ED.

We also make use of the following lemma in the proof of Theorem 1.

LEMMA 4. Suppose F[K is an algebraic field extension such that F =S ®, J
Where S is the maximal separable intermediate field and J is the maximal purely
inseparable intermediate field. Then the following conditions are equivalent:

(1) F/K is modular.

(2) F/S is modular.

(3) J/K is modular.

PROOF. We first show that (K N FP)(SP)=SNFP,i=1,2,.... We
have

i
KNFF'=K® ,)NUP® sph = k nJrY) ® ,i1=KnJr,

SNFp = 14 ®KP' sphy n P ®K pi SP')
=& nJPY ®, pi sp! = (K n JP'y(sP).

Thus (K N FPY)(SeY) = (K N JP)(SPy=SNFri=1,2,.... That (1) and (2)
are equivalent is now apparent from the following diagram and [5, Lemma, p. 162].

K@FP'

i \ i

S = K(s”) FP
K/ 1/1 i
\KnF"

/\

K NFP'YSPy=sNF®

\Sp{
k' —

That (1) and (3) are equivalent follows from [8, Lemma 1.61(c), p.56]. Q.E.D.
ProoF oF THEOREM 1. If L/LC is either separable or purely inseparable,

/\
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then the theorem is trivially true. Hence suppose L/LC is inseparable but not
purely inseparable. Let J denote the maximal purely inseparable intermediate

field of L/L®. Assume H is G-invariant. Then L¥/L€ is normal by [4, Corollary
4.4, p. 200] so L¥/LC splits. Also H,, is G,-invariant and H, is G, -invariant.
Suppose LH ¢ S and L¥ 2 S. Since L¥ ¢ S, L¥ nJ D LC. Since H is Galois,
LEJ is modular over L by [4, Theorem 3.1, p. 196]. Thus J/(L¥ N J) is mod-
ular by Lemma 4. By Lemma 3, there exists a modular base M of J/LG and an
element m of M such that m has exponent n over LS and exponent ¢ over LZ N
J with n > t. There exists a subset X of LC such that X U M is a p-base of J.
Since L/J is separable algebraic, X U M is a p-base of L. Set B =X U M and

C = {b?'|b € B and i is the exponent of b over L°}. By [8, Proposition 1.2,

p. 14], Cis a p-base of L®. Since LF 2 S, SDL¥ NS. LetseS-LE NS
Let g be an integer such that p°™™ < q < p®™"*!, Then there exists d =

dy dy, ... ,dpe}e H such that d(m) = 0,i=1,...,q — 1,d,(m) =5, and
db)=0@G=1,...,p% forallb €B— {m}. Forallc€EC— {mr"},dfc) =
Ofori=1,...,p° Nowd(mr")=(d(m)}" if i =jp" for some j and d(mr")
= 0 otherwise by [10, p. 436]. Consider those i such that i = jp". Then 1 <j

< p°™" < q whence dy(mP") = 0. Thusd € HLC. Since s ¢ L¥, there exists

h, € H; such that h;(s) =s' €S with s’ #5. Now p*"*? < gp* < pen+?+!
<p°sod,; is defined. Alsomr’€ L NJ, mp* ¢ LC, and d,,(mp*) =
(d,(m))p* = sp*. For any integer i such that 1 <i < gp’, we have that d,(mp")

= (d(m))p* if i = jp* for some j and d;(mP®) = 0 otherwise. For those i such that
i=jp', jp* <qp*s0j<gq. Thusd(mp’) =0 when1<i<gqp’. Wenow obtain
a contradiction by showing that A is not G-invariant. Thus either L¥ C S or

)2l D S. We show that H is not G-invariant by showing that k,g,(mP*) # go(mp")
where g, = A(d). In the following we use the fact that h, is the identity on J.
Now

e
_ p
hygo(mp?) = h,(mp' +EPie e 3 E’d&mﬂ'))
i=qpt+ 1

e
pt 4 yap'ypt > i
=mP +x% P + ¥ x'hd(mp).
i=qp‘+l

Clearly h,g,(mp*) # go(mp*) since {1, %, ..., ¥?°} is linearly independent over
L and sp* # §'p7,

Conversely, suppose L¥ C S and H; is G -invariant. Let g € G and h € H.
Then, by [4, Proposition 2.4, p. 195],8 =g,8, and h = h h, for unique g, €G,,
80 €Gy,hy EH; ,hy EH,. Lets€LH. Sinceg,(s) €S, g7 h,8,(s) €S, and gy, kg
are identities on S, it follows easily that g~ 'hg(s) =s. Thusg 'hg € H so H is
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G-invariant. Now suppose L¥ D S, L¥ /LS splits, and H,, is G-invariant. Since
L7 D S, we have that H; consists only of the identity map. Since LH/LC splits,
we have that H,, is G -invariant by [4, Theorem 4.2, p. 199]. Thus if g = g,8,
€Gand h = hy €H = H, where g, € G, and g, € G, we have g 'hg =

85 hyg, for some hy € H,. Thus g 'hg € H, = H since H, is G -invariant.
Hence H is G-invariant.  Q.E.D.

2. Quotient groups. Let H C G be Galois subgroups of 4. Let G,; denote
the group of all automorphisms gy, for L [x] = L¥ [x]/xv®+1L# [x] such that
g5;(¥) = x and g, is the identity on LC. If H is G-invariant, then Hy = G, or
H, = H by Theorem 1. In this section, S denotes the maximal separable inter-
mediate field of L/LC and J denotes the maximal purely inseparable intermediate
field of L/LC.

THEOREM 2. Let H C G be Galois subgroups of A. If H is G-invariant
and Hy = G, then G/H = Gy.

ProoF. Define the mapping  on G by, for all g € G, P(g) is the restric-
tion of g to L¥ [x]. Since H is G-invariant and Hy = G,, L% CL¥ C § and,
LH/LC is normal. Letg =g,g, € G where g, €G,, g, € G,. Since L¥ C S, g,
is the identity on L¥ [x] . Since L7, /LC is normal, 8 (LH)=LH. Thus gl?y=LH
so g(L¥ [x]) = L¥[x]. Hence ® maps G into G and it follows easily that ® is a
homomorphism. Let g,; € Gy. Since L C S, g,y(L¥) = L. Since L¥#/L€ is nor-
mal, the restriction of g; to L™ can be extended to an automorphism of S. This ex-
tension can be extended to an element g¥; of G by requiring it to be the identity
onJ[x]. Thus for all g;; € Gy, g% € G and P(g};) = gy. Hence ® maps G onto
G- Since every element of H is the identity on L¥ [x], H C Ker ®. Since H is
Galois, H= {f€ Alf(@) =a for all a € LH}. Thus since every f € Ker @ is the
identity on L¥, f € H so Ker ® C H. Therefore H = Ker & whence G/H = G.
Q.ED.

The following example shows that if H C G are Galois subgroups of A4 such
that H is G-invariant, then it is not necessarily the case that LA [x] = laix) €
LH [x] In(g(¥)) = q(x) for all h € H} even though L¥ = {a € L|h(a) = a for all
h € H}.

ExaMPLE 2. Let L = P(u, v) and K = P(uP, v’) where P is a perfect field
of characteristic p # 0 and u, v are algebraically independent indeterminates over
P. Let H be the group of all rank p® higher derivations on L with e = 0. Set
G = A(HY) and H = AHK®). Letd = {dy,d,} € HX™) and set h = A@d).
Then h(u + xv) = u + xd, (u) + xv + x*d,(v) = u + Xv. However u + xv ¢
LH[x] = K(u)[x]. This example also shows that HL# can be HLC -invariant
without L¥ being invariant under every d € HLC. Letd = {d,,d,} € HLC be
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such that d,(u) = v. Then L is not invariant under d. However for all d =
{dy,d,} € HLC and for all d' = {dy, d}} € HLH &~ 'd'd = {d}, -d|} € HLH
so HLH js HLC invariant.

In view of Example 2 and [2, Corollary 3.6], the existence of a theorem
corresponding to Theorem 2 for the case H, = H is unlikely. However we do
have the following partial results.

ProrosITION 1. Let H C G be Galois subgroups of A. If H is G-invariant
and Hy = H, then G;, = (Gy), u-

ProoF. Define the mapping ® on G, by, for all g; € G, ®(g,) is the
restriction of g, to L [x]. For &, €Gp, g, is the identity on J and g,(S) = S.
Thus gl(LH [x]) = L7 [x]. Hence it is clear that ® is a homomorphism of G,
into (Gy), n- Letgy € (Gy) 1~ Then gy is the identity on L7 0 Jsince LH =
$®,¢ (L¥ N J). Now gy has a unique extension g to an element of G,
namely g}, is the identity on J[x]. The existence of the extension implies ¢
maps G onto (Gy), i while the unicity of the extension implies that & is one-
one. Q.E.D.

Let G' = {g € Glg(L” [x]) = L¥[x]} where H C G are Galois subgroups
of A. Then G' is a subgroup of G and H C G'.

ProPOSITION 2. Let H C G be Galois subgroups of A such that H is G-
invariant and Hy = H. If L = L¥ ®g J' for some intermediate field J' of L/S
such that L¥[S and J'[S are modular, then G'[H = G.

PrROOF. Define the mapping ® on G’ by for all g’ € G', ®(g") is the restric-
tion of g’ to L¥[x]. Since L = L¥ ®4 J' with L¥/S and J'/S modular, every
element in Gy, has an extension to an element of G’ by [2, Theorem 3.4]. The
remainder of the proof follows in an entirely similar manner to that of Theorem
2. QED.

3. Splitting. An exceptional field extension is one which is inseparable but
has no elements (except those in the base field) which are purely inseparable over
the base field ([3], [7]). A reliable field extension is one which is generated by
every relative p-base [7].

We let S denote the maximal separable intermediate field and J the maximal
purely inseparable intermediate field of the field extension F/K in the following
lemma.

LeEMMA 5. Let F/K be an inseparable but not purely inseparable algebraic
field extension such that F = S ®y J where J/K has a modular base. Then there
exists an intermediate field of F/K over which F is modular and which is an ex-
ceptional and reliable extension of K if and only if (Kl’_l N J)/K is not simple.
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PROOF. If such an intermediate field exists, then (KP~! N J)/K is not
simple by [7, Theorem 4, p. 46]. Conversely, suppose & n J)/K is not
simple. Then J/K is not simple. Let M be a modular base of J/K and let u, v
be distinct elements of M. Let n, ¢ denote the exponents of u, v over K, respec-
tively. Supposen>t. Lets€S—K. Set E=K(sup"™* + v). Nows €E,
EJ/K(s) is simple, and K(s) is the maximal separable intermediate field of E/K.
Either ENJ DK orENJ =K. If ENJ DK, then K(s?* 'up™~! + wp* 1)K
splits as can be seen by a simple degree argument. However this is impossible
since, by [7, Theorem 4, p. 47], K(s?*"'up"~1 + vp*"1)/K is exceptional. Thus
E NJ =K so E/K is exceptional. A similar argument shows that E does not split
nontrivially over any intermediate field of K(s)/K. Hence by the comments pre-
ceding [7, Theorem 1, p. 44], E does not split nontrivially over any intermediate
field. Thus E/K is reliable by [7, Theorem 1, p. 44]. Since v € E(u), M — {v} is
a modular base of JE/E. Since also F = SE ® JE, F/E is modular. Q.E.D.

THEOREM 3. Suppose K is a Galois subfield of L. Then the following
conditions are equivalent.

(1) Every Galois intermediate field of L/K splits over K.

(2) Every intermediate field of L/K splits over K.

(3) Every intermediate field of L/K is Galois and splits over K.

(4) Every intermediate field of L/K is Galois, splits over K, and is modular
over K.

(5) L/S is simple where S is the maximal separable intermediate field of L/K.

ProoF. That (4) implies (3), (3) implies (2), and (2) implies (1) is immedi-
ate.

(5) implies (4): Let F be an intermediate field of L/K. Since K is a Galois
subfield of L, L/K splits. Thus L/F splits, i.e., L = SF ® JF where J is the
maximal purely inseparable intermediate field of L/K. Since L/S is simple, JF/F
is simple whence modular. Since also SF/F is normal, F is Galois. If F is an
intermediate field of S/K or J/K, then F/K splits trivially. Suppose F/K is insep-
arable but not purely inseparable. Since L/S is simple, J/K is simple. Hence
(kP! N J)/K is simple. Thus F/K is not exceptional by [3, Theorem 6, p. 546].
Let J' be the maximal purely inseparable intermediate field of F/K. Either F/K
splits or F/J' is exceptional. However F/J' is not exceptional or else L/J' contains
exceptional extensions of J' which is impossible since (J’2~! N J)/J' is simple.
Thus F/K splits. Since L/S is simple, J'/K is simple whence F/K is modular.

(1) implies (5): Since L/K splits, L splits over every intermediate field. Thus
any intermediate field over which L is modular is Galois. Thus by (1) every
intermediate field over which L is modular splits over K. Hence (KP™! N J)/K is
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simple by Lemma 5. Since K is Galois, J/K is modular. Thus J/K whence L/S is
simple. Q.ED.

COROLLARY. Suppose G is a Galois subgroup of A. Then L[S is simple
where S is the maximal separable intermediate field of L/LC if and only if for
every subgroup H of G which is Galois, H is G -invariant.

PROOF. Suppose L/S is simple. Then L¥/LC splits by Theorem 3. Hence
by [4, Theorem 4.2, p. 199], H,, is G -invariant. Conversely, suppose H, is
G/ -invariant for every subgroup of G which is Galois. Then by [4, Theorem 4.2,
p. 1991, LE/LC splits for every subgroup H of G which is Galois. Let F be any
Galois intermediate field of L/L®. Then AF is a Galois subgroup of G and LAF
= F. Hence F/K splits. Thus L/S is simple by Theorem 3. Q.E.D.

4. Galois subfields. Let J/K be a purely inseparable field extension. If J/K
has a modular base, then J/K is modular [8, Proposition 1.23, p. 16].

PROPOSITION 3. Suppose J/K is a purely inseparable field extension. Then
every intermediate field of J/K has a modular base over K if and only if JP C K,
or J/K is simple, or J/K has a modular base consisting of two elements.

PROOF. Suppose every intermediate field of J/K has a modular base over K.
Suppose J/K does not have exponent 1 or J/K is not simple. Then if M is a
modular base of J/K, M consists of at least two elements one of which has expon-
ent 22 over K, say m;. Suppose M has two other elements, say m,, m5, with
exponents n, t over K, respectively. Then K(m,, m ,mg"“ + mg"') is an inter-
mediate field of J/K which does not have a modular base over X, a contradiction.
Thus M consists of exactly two elements. The converse follows by [8, Proposition
2.5,p.76]. QE.D.

LEMMA 6. Suppose J/K is a purely inseparable field extension.

() If [K : KP] = p?, then J/K is modular.

(2) If J/K has a modular base and J[F is modular for every intermediate
field F, then J/K has a bounded exponent.

ProoF. (1) Clearly K»~*/K has a modular base consisting of two elements,
i=1,2,.... By Proposition 3, (K?™ N J)/K has a modular base,i=1,2,....
By [6, Lemma 2, p. 336] ,J =U;z ,(Kp™" N J) is modular over K.

(2) Suppose J/K does not have bounded exponent. Let M be a modular
base of J/K. There exists m; € M such that m; has exponent ¢; over K with ¢; <
€r1si =0,1,.... Set F=KM)mg*, mg?, —mEmy + mB) where M’ =
M- {m;, m,}. ThenJ = Fm,, m,). Now e, > e, =2 som, and m, have
exponent 2 over F while m, has exponent 1 over F(m,). Since m,, mg?,
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—mfmy + m§ are p-independent in F, it follows that J/F is not modular ([5,
Exercise 6, p. 196] or [8, Example 1.59, p. 55]), a contradiction. Thus J/K has
bounded exponent. Q.E.D.

THEOREM 4. Suppose J/K is a purely inseparable field extension. Then
J/F has a modular base for every intermediate field F if and only if (1) JP CK,
or (2) J/K is simple, or (3) [K : KP] <p® and J/K has bounded exponent, or
(4) J/K has a modular base in which no more than one element has exponent
=2 over K.

ProoF. Suppose J/F has a modular base for every intermediate field F.
Suppose further that (1), (2), and (3) do not hold. By (2) of Lemma 6, J/K has
a bounded exponent. Since (3) does not hold, [K : K] > p?. Let Mbe a
modular base of J/K. Since (1) does not hold, there exists m, € M such that m,
has exponent =2 over K. Since (2) does not hold, M has at least two elements.
Suppose there exists m, € M such that m, # m; and m, has exponent >2 over
K. Since [K : KP] > p? and M is a modular base of J/K, there exists my €J
such that m,, m’l’z, -mfmy + m} are p-independent in F where F =
KM')(me?, mp?, -mfmy + m8) and M' =M - {m,, m,}. Now as in the proof
of (2) of Lemma 6, J/F is not modular, a contradiction. Thus m, is the only
element of M with exponent =2 over K.

The converse is immediate if either (1) or (2) holds. Suppose (3) holds.

Let F be an intermediate field of J/K. Now [F : FP] <p?. ThusJ/F is modular
by (1) of Lemma 6. Since also J/F has bounded exponent, J/F has a modular
base. Suppose (4) holds. Let F be an intermediate field of J/K. IfJ? C F,
then J/F has a modular base. Suppose J? ¢ K. Let M be a modular base of J/K.
Then M contains a relative p-base of J/F, say M'. Since M’ is a minimal generating
set of J/F and J? ¢ F, M’ contains an element m of exponent >2 over F. By (4)
and the fact that M' C M, (M' - {m})’ CK CF. Thus M is a modular base of
J/F. QE.D.

Condition (4) of Theorem 4 is equivalent to the existence of a finite iterative
higher derivation on J with a field of constants K [10, Theorem 2, p. 439].

COROLLARY. Suppose J/K is a purely inseparable field extension. Then
J/F has a modular base and F/K has a modular base for every intermediate field
F if and only if (1) JP C K, or (2) J/K is simple, or (3) [K : kKP] <p? and J/K
has bounded exponent, or (4) J/K has a modular base consisting of two elements
with no more than one element having exponent 22 over K.

Proor. Immediate from Proposition 3 and Theorem 4. Q.E.D.

PrOPOSITION 4. Suppose K is a Galois subfield of L. Then every inter-
mediate field of L/K is Galois if and only if L is modular over every intermediate
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field of L/S where S is the maximal separable intermediate field of L/K.

PROOF. Suppose every intermediate field of L/K is Galois. Let F be an
intermediate field of L/S. Then F is Galois so L/F is modular. Conversely, sup-
pose L is modular over every intermediate field of L/S. Let F be an intermediate
field of L/K. Since L/K splits, L/F splits, i.e., L = SF ® JF where J is the
maximal purely inseparable intermediate field of L/K. Now L/SF is modular so
FJ/F is modular by the equivalence of (2) and (3) of Lemma 4. Since S/K is
normal, SF/F is normal. Thus F is Galois. Q.E.D.
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